Experimental adsorption isotherms for four anionic dyes (Acid Blue 25, Acid Yellow 99, Reactive Yellow 23 and Acid Blue 74) on to cationized cotton have been analyzed using a multilayer adsorption model. For such purpose, the double-layer model showed the best fit with a high correlation coefficient R 2 . The analytical expression of the model has been established from an application of the grand canonical ensemble of statistical physics. This method allowed an estimation of all the mathematical parameters in the model. Thus, the receptor site density and the half-saturation concentration have been related to physicochemical variables such as the chemical potential, the adsorption energy, the anchorage number, etc. A physical interpretation of the model parameters has been provided and some results relating to the adsorption process discussed.
INTRODUCTION
Many investigations on interactions related to the fixation of ionic molecules on solid surfaces have been undertaken with a view to increasing their capacity (McKay et al. 1981; McKay 1984; Papadokostaki and Petropoulos 1994; Baouab et al. 2000) . In order to understand and solve the major problems arising from textile processing, particularly those relating to industrial wastewater, several investigations (McKay et al. 1981; Baouab et al. 2000) have been carried out to study dye adsorption processes on different supports on the basis of ion exchange.
The dyeing of a textile fibre is often effected using dye molecules which are simply physisorbed on to the filament surface to form the dyed material. Since the dyeing process frequently occurs in an aqueous phase, the solubilization of the dyes in water is often improved by the presence of anionic sulphonic groups. Thus, an increase in the quantity of adsorbed dye may be obtained by first attaching some positively charged groups on the material to be dyed in order to increase the extent of physisorption. Baouab et al. (2000) have used the same principle to enhance the removal of dye from wastewater in the presence of various substrate supports (cellulose, cotton, sawdust, etc.) modified with quaternary ammonium groups. Such modification may be achieved by reacting lignocellulose, for example, with glycidyl trimethylammonium chloride in a basic medium. For materials modified in this way, their nitrogen content is the most important parameter in determining their adsorption capacity. In the present work, four different values of the nitrogen content ranging from 0.5% to 1.85% of the support mass have been obtained using different reaction conditions to yield four different adsorbents referred to below as modified cotton 1-4. The dyes *Author to whom all correspondence should be addressed. E-mail: abdelmottaleb.benlamine@fsm.mu.tn. tested were Acid Blue 25 (AB25), Acid Yellow 99 (AY99), Reactive Yellow 23 (RY23) and Acid Blue 74 (AB74). The experimental conditions employed for chemical modification and the structures of the four dyes employed have been described previously by Baouab et al. (2000) .
All the adsorption isotherms for these four dyes exhibited negative concavities before attaining a saturation level. The adsorption capacity was essentially controlled by the number of grafted sites on the modified cotton, increasing as the percentage grafted nitrogen increased but in a nonlinear manner. The results obtained are presented in Table 1 which provides a comparison of the ammonium site concentrations and the quantity of dye adsorbed per gram of support. In order to explain their results, Baouab et al. (2000) employed the Langmuir, Freundlich and Jossens' adsorption models as follows:
The Jossens' model was found to provide the best fit when these three models were compared with the experimental data. However, no physical interpretation of the parameters involved in these various model expressions was provided. The aim of the present work was to establish an analytical expression for each adsorption isotherm obtained for the four dyes studied on the grafted cotton employed. As seen below, such an expression based on statistical physics uses parameters related to some of the physicochemical factors involved in the adsorption process.
SELECTION OF AN ADEQUATE MODEL
The main objective of this work was to develop an adsorption model that was an improvement on the approach previously employed (Baouab et al. 2000) . Such a model should allow the shapes of the experimental adsorption isotherms to be interpreted using established statistical physics methods. 
Monolayer model
Since the Jossens' model gave the best correlation previously (Baouab et al. 2000) , it would seem sensible to start with this model as a means of developing a more elaborate approach:
It should be noted that although the Freundlich model did not give better agreement for all the dye concentration range studied, it was better able to describe the slope of the adsorption curve near the origin in terms of a coefficient 1/q which was different from unity. Since the Jossens' model gives a slope equal to unity at or near to the origin, we have therefore introduced a slope parameter equal to m¢ in equation (3). Hence, the analytical expression for adsorption takes the form N a = ic m¢ /(1 + jc m )
As for the Jossens' expression, this latter expression cannot take account of the obvious saturation phenomenon observed experimentally. This is only possible if m¢ = m, a situation denoted as n. Under these circumstances the following expression is obtained:
which incorporates the Freundlich model at low concentrations and a saturation phenomenon at high concentrations. Equation (4) corresponds to the Langmuir-Freundlich expression (Tien 1994) or the Hill model expression (Laffort and Martin 1994) . It will be seen that this expression depends on three parameters, viz. N asat = quantity of adsorbed molecule present at saturation, c 1/2 = the half-saturation concentration and n = an exponent which expresses the slope of the adsorption isotherm at or near the origin in terms of log-log coordinates and influences the value of the slope at any other concentration. Its stoichiometric character and precise physical meaning will be described below.
When n = 1, equation (4) is identical to the expression for the Langmuir model. It also can be applied to a heterogeneous adsorption reaction or a complexation reaction expressed as:
where D represents the dye molecule and R the adsorbent receptor site. More generally, the adsorption reaction should include a stoichiometric coefficient n:
By using the following classical reasoning, it is possible to obtain equation (4) (Tateda 1967; McKay 1984; Tien 1994) . Thus, if the equilibrium constant, K 1 , for equation (6) is considered, it is possible to write:
[D] n (N asat1 -N a1 )c n and hence N asat1 N a1 = --------(7) 1 + (c 1/2 /c) n where N a1 is the quantity of dye adsorbed, N asat1 is the quantity adsorbed at saturation and c 1/2 = 1/(K) 1/n . Equation (7) is identical to equation (4). Hence, the coefficient n in the Langmuir-Freundlich expression, which is equal to 1/q in the Freundlich model at low concentrations, is identical to the stoichiometric coefficient involved in adsorption reaction (6). The Langmuir-Freundlich expression can be used to model the experimental curves for the four dyes at different nitrogen percentage values. In this way, it is possible to determine the three parameters in the model equation, viz. N asat1 , c 1/2 and n, together with the correlation coefficient R 2 in each case. The results thus obtained are presented in Table 2 , from which it will be noted that the correlation coefficient for the Langmuir-Freundlich expression shows an improvement compared with the Jossens' model for many of the isotherms. Hence, it is considered that the Langmuir-Freundlich expression is more versatile than the Jossens' expression since the latter is incapable of describing the adsorption saturation phenomenon. This improvement suggests that modelling should be continued for two or more surface layers.
Double-layer model
If adsorption is assumed to occur as two layers, it is possible to represent the process in terms of equation (6) plus the following equation:
which characterizes second-layer adsorption. This allows a different expression to be obtained for the quantity of dye adsorbed on the modified cotton, with the presence of a second layer indicating that the first layer must provide acceptor sites for a further layer of dye molecules. This means that in addition to equilibrium (6) it is possible to write a global second reaction as: Let us assume that K 2 and K 1 are the equilibrium constants of reactions (8) and (9), respectively. If we assume that the two adsorbed layers occupy the same energy level in the two reactions (6) and (8), it follows that the two equilibrium constants will be equal and we can write that K = K 1 K 2 = K 2 1 . Using the same treatment as that employed above, we can then write the following equations:
so that N a1 = K 1 (N asat1 -N a )c n and N a2 = K 2 (2N asat1 -N a )c 2n . The total dye adsorbed is then:
which finally leads to the expression:
This expression and that for the monolayer model can be derived directly from the general expression for the BET model (Fripiat et al. 1971) .
It should be noted that isotherm adjustment using the double-layer model with a unique energy level led to an improvement in the correlation coefficient R 2 (see Table 3 ) relative to that given by 
Triple-layer model
Using the same treatment as that employed for the single-and double-layer models, it was possible to obtain an expression for the triple layer as:
Adjustments have also been performed using this triple-layer model. From Figures 1 and 2 it is obvious that the monolayer model always exhibited lower values of the correlation coefficient R 2 than either the double-or triple-layer models. However, the triple-layer model was not significantly better than the double-layer model in this respect and hence the two models approximate to each other. For this reason and also since the theoretical curves derived from the models are close to each other, we have used the double-layer model below to interpret our experimental results.
STATISTICAL TREATMENT OF THE DOUBLE-LAYER MODEL
In this section an analytical expression for the double-layer model will be established using a statistical physics approach. It will be seen that such a treatment provides expressions for all the different model parameters, thereby enabling physical interpretations of the values derived for the same.
Hypotheses assumed
In order to treat adsorption problems using statistical physics methods, it is necessary to make some assumptions as the bases of an initial postulate. These assumptions as listed below should enable the double-layer expression to be established readily:
(a) The two equilibria (6) and (8) are attained for each experimental measurement of the quantity adsorbed. (b) As a first approximation, the mutual interaction between the dye molecules will be neglected (Baouab et al. 2000) . This approximation is reasonable since the concentration of the dye molecules in the system will be relatively low. Indeed, their volumetric concentration will be comparable to the situation in a gas, especially when the solution is very dilute. In addition, the mutual interaction between the dye molecules and water molecules will also be neglected so as to allow the dye molecules to be treated as an ideal gas (Diu et al. 1989a; Ben Lamine and Bouazra 1997) . The influence of this hypothesis on the method of calculation will be discussed below. (c) Also as a first approximation, it is assumed that all anchorages on the receptor surface possess the same energy (-e) with e > 0 since -e is a bond energy. If this situation does not apply, then -e will simply be an average of all the existing different energies. (d) Adsorption involves an exchange of particles from the free state to the adsorbed state. Its investigation cannot be performed without employing the grand canonical ensemble in order to take account of the particle number variation through the introduction of a variable chemical potential in the adsorption process. Although the overall system is canonical, the canonical ensemble and the grand canonical are equivalent since it is macroscopic. This means that it is at the thermodynamic limit and fluctuations may be neglected. This allows the system to be studied using the grand canonical ensemble with the results being interpreted canonically (Diu et al. 1989b ). (e) The internal degrees of freedom of the dye molecule may be neglected in aqueous solution thereby allowing only the most important degree of freedom, i.e. the translational, to be taken into account. This arises because the electronic degree of freedom cannot be excited thermally and the rotational degree of freedom is hampered in solution. Equally, the vibrational degree of freedom can be neglected in comparison to the translational degree.
Statistical treatment
In order to employ statistical physics methods to treat the adsorption model, we consider that a variable number of dye molecules, c, dissolved in unit volume of water is adsorbed on to N M receptor sites located on unit mass of the cotton. Each of these receptor sites is assumed to possess an energy -e. Furthermore, it is assumed that any given receptor site can be empty (N i = 0), occupied by one part of a molecule (N i = 1) or by two parts of a molecule (N i = 2) in accordance with the double-layer model. According to hypothesis (d) above, the grand canonical partition function of one receptor site may be expressed (Diu et al. 1989c; Ben Lamine and Bouazra 1997; Khalfaoui 1999) According to the various hypotheses assumed and using the same statistical treatment for the monolayer model (Ben Lamine and Bouazra 1997), the number of molecules adsorbed, N a , may be written as: This means that the same expression is obtained as that of the classical double-layer model [equation (11)]. However, in the case of equation (15), all the parameters are defined. Thus, n is the stoichiometric coefficient, N asat = 2nN M is related to the stoichiometric coefficient, the layer number and the receptor site density, while c 1/2 is related to the adsorption energy, the temperature and various problem constants.
INTERPRETATION AND DISCUSSION
On the basis of equation (15), it is possible to interpret and discuss some results obtained for the adsorption process parameter values.
The correlation coefficient
Figures 1 and 2 depict plots of the correlation coefficient R 2 for the adsorption of the various dyes studied versus the percentage nitrogen content (% N) of the prepared cotton material employed. Both figures demonstrate that the closer the value of R 2 to unity the closer the correlation obtained. The plots depicted indicate that the various models derived above with one (N i = 0,1), two (N i = 0,1,2) or three layers (N i = 0,1,2,3) all show a better agreement overall with the experimental adsorption curves than the Freundlich, Langmuir or Jossens' equations. In addition, for all our models, the values of R 2 were close to unity. Hence, our models are all capable of describing the adsorption phenomena exhibited by the dyes studied. However, it is necessary to choose amongst the various models as to which is adequate to provide a physical interpretation of the process. Despite the fact that our double-and triple-layer models present a better agreement than the monolayer Langmuir-Freundlich model and display correlation coefficients which are close to each other, nevertheless we have employed the double-layer model for our various interpretations.
It will be noted that the value of R 2 was slightly less for the cotton containing 1% N for all the dyes studied with the exception of AB25. In addition, the monolayer model always gave the lowest values of R 2 . It is obvious that a high value of R 2 in the fitting process does not, of necessity, indicate whether the model equation provides a good physical basis, since it merely reflects the ability of the equation to follow the experimental data. However, if this ability occurs in a variety of cases and on each occasion provides a good interpretation, it becomes difficult to ignore its physical basis.
The parameter n
The quantity n is a stoichiometric coefficient that allows the adsorption process to be described and interpreted. The data listed in Table 3 indicate that n can be greater or less than unity.
When n < 1, let us assume that n¢ (= 1/n) > 1. Reaction (6) can then be written as:
Since the adsorption process is of a physical nature (Baouab et al. 2000) , the dye molecule is not altered chemically in any way during adsorption. Hence, n¢ represents the number of receptor sites involved in the attachment of a single dye molecule or simply the anchorage number of one dye molecule on a mean number n¢ of receptor sites. To check this assumption, equation (7) may be written as:
This expression is identical to that suggested empirically by Howard and McConnell (1967) for polymer adsorption, i.e. kc = [q/(1 -q)] n . If we identify n¢ with n, which represents the mean number of segments of a polymer chain anchored on to a support surface, this analogy suggests that n¢ is a statistical average representing the mean anchorage number. This explains why the values of n = 1/n¢ listed in Table 3 are positive but non-integral. Indeed, a molecule may possess several means of anchoring itself on to receptor sites depending on its geometry and the angle at which it approaches the adsorbent surface.
To illustrate the latter point, let us consider two different means of anchorage characterized respectively as n¢ 1 and n¢ 2 . This means that we can write two different equations, i.e. D + n¢ 1 R R n¢ 1 D and D + n¢ 2 R R n¢ 2 D These two equilibria can be condensed into one mean equilibrium:
where n¢ may be taken as an arithmetic mean, i.e. n¢ = (N 1 n¢ 1 + N 2 n¢ 2 )/(N 1 + N 2 ) where N 1 /(N 1 + N 2 ) and N 2 /(N 1 + N 2 ) are the fractions of molecules having n¢ 1 and n¢ 2 anchorage points, respectively. For example, for RY23 at 0.5% N, n is equal to 0.814. Since this value is between 1 and ½, it can be written as an average of two molecules having n¢ = 1 and n¢ = 2 anchorage points, respectively. If x is the percentage of molecules possessing n¢ 1 anchorage points, the percentage of molecules possessing n¢ 2 anchorage points will be 1 -x and hence x × 1 + (1 -x) × ½ = 0.814. This gives 62% of the adsorbed molecules as being anchored to one anchorage point and 38% of the adsorbed molecules as anchored to two anchorage points involving two of the three negative charges on the dye molecule. We call this model, where n < 1 (n¢ is strictly greater than unity), a multi-anchorage model or a parallel anchorage model (Giles et al. 1960; Baouab et al. 2000) where the molecule is parallel to the adsorbent surface and has several anchorage points. On the other hand, when n > 1, there are many molecules adsorbed to the same anchorage point. We call this model a multi-molecular model or perpendicular anchorage model because the anchorage point receives several molecules that are perpendicular to the adsorbent surface. Thus n, in addition to its stoichiometric character, is also a steric coefficient that provides information about the position of the molecule relative to the adsorbent surface. It also provides the percentage of different molecules anchored to one and/or more anchorage points.
The effect of the steric parameter n on the adsorption process may be understood from Figure 3 , where the relationship between the adsorbed quantity and the dye concentration is plotted for three different values of n. At high concentrations (c > c 1/2 ), the greater the value of n the less important is the quantity of adsorbed molecules, with saturation being reached only at higher concentrations. However, for low concentrations, the reverse applies. This may be easily interpreted: when n decreases, the anchorage number (if n¢ > 1) increases and hence it is more difficult, i.e. less probable, to find a great number n¢ of empty sites near saturation at the same time. This situation is reversed at low concentrations, since the majority of sites are now empty and a molecule with the means of anchoring at a number of sites is easily attracted by energetic considerations.
From Table 3 , it will be seen that the values of n for all the dye molecules studied were situated between 0.29 and 1.56. For RY23 and AB74, the value of n was less than unity and hence the adsorption of these molecules involved a multi-anchorage situation. However, the adsorption of AB25 and AY99 occurred either via multi-anchorage for low nitrogen density cottons or by multimolecule anchorages for high nitrogen densities. For the latter dye molecules, 1 < n < 2 only for high nitrogen densities, thereby indicating that either one or two molecules were adsorbed at a particular site. This suggests that a high nitrogen density provided favourable conditions for some kind of dimerization of AB25 and AY99 molecules. The fact that the double-layer model was adequate in correctly describing the adsorption process of these dyes in itself provides a type of expression for the dimerization process.
The parameters N M and N asat
The quantity N M is a parameter associated with the number of receptor sites and accordingly is a steric coefficient. The adsorbed quantity N asat is directly related to N M by the expression: N asat = N M n N imax , where N imax is the layer number which is 1 for the monolayer model and 2 for the double-layer model. All previous models (Baouab et al. 2000) use only a global saturation parameter depicted as N asat which does not bring out the importance of the receptor site number, N M . Indeed, from an industrial point of view, N asat , which is the adsorption capacity at saturation, is a very important parameter. To improve this adsorption capacity, it is necessary to increase the receptor site density or the layer number, N imax , and in particular to decrease the anchorage number n¢, i.e. to avoid the multi-anchorage situation.
It should be noted that determination of the parameters n, N M and N asat is independent of the site energy level e, indicating that the values of these parameters are not altered because of the assumption of hypothesis (b) above.
The parameter c 1/2
According to its analytical statistical expression, this parameter which localizes the adsorption dynamics is an energetic coefficient, being closely related to the adsorption energy level. From its expression, it is noted that c 1/2 decreases if the adsorption energy decreases algebraically, i.e. if its modulus increases. This situation occurs where an adsorbed molecule exhibits strong interaction energy. The effect of the energetic parameter c 1/2 on the adsorption process is demonstrated by Figure 4 , which depicts a plot of the quantity adsorbed versus the dye concentration for three different values of c 1/2 . At a fixed value of the concentration, the smaller the value of c 1/2 the higher the quantity adsorbed. This applies for all values of the concentration far from saturation and demonstrates that those receptor sites with the stronger energy will be rapidly and readily occupied. The magnitude of c 1/2 does not influence the saturation value. It should also be noted that c 1/2 is the only coefficient which contains a temperature effect, viz. arising from the Boltzmann factor and from the partition function Z.
The question arises as to the physical meaning of c 1/2 and why only half of the receptor sites are occupied at c 1/2 . From the adsorption isotherm, it will be seen that at points far removed from c 1/2 the quantity adsorbed is either close to zero or close to saturation and that all the adsorption dynamics occur in the vicinity of c 1/2 . This behaviour can be explained by means of the chemical potential m, which for a dye molecule at a concentration c is given by m = k B T ln(c/Z) (Ben Lamine and Bouazra 1997) . At the half-saturation concentration, c 1/2 , the chemical potential will be m 1/2 = k B T ln(c 1/2 /Z) = -e. Hence, when the dye concentration is very low (c << c 1/2 ), the chemical potential of the dye is far removed from the adsorption energy (m << -e), dye molecules cannot pass over the potential barrier -e so that the sites cannot be occupied. When the concentration is very high (c >> c 1/2 ) and m >> -e, the chemical potential m will certainly exceed -e and the sites will be occupied. When m = -e, half the number of sites will be occupied.
From the obvious analogy between the monolayer model [equation (4)] and the Fermi-Dirac distribution (spin ½ with two energy states) and between the double-layer model and a statistical distribution with a three-state spin, it will be seen from the variation of m from -¥ that when the energy level -e becomes equal to m 1/2 (the "Fermi level" at temperature T), the occupied site number will be 50% as for the Fermi-Dirac distribution when the energy level is equal to the chemical potential. This "Fermi level" m 1/2 will be the value of the chemical potential at T = 0 K, i.e. a corresponding c 1/2 concentration. Below this value no site will be occupied; up to this value all the sites will be occupied by what is called a Heaviside distribution; and in the vicinity of c 1/2 (m ¹ -e) only a fraction of the receptor sites will be occupied. Both m and c 1/2 depend on the temperature.
CONCLUSIONS
It has been found that a multilayer adsorption model is compatible with the experimental adsorption isotherms for the dyes AB25, AY99, RY23 and AB74, with the correlation coefficient R 2 allowing a double-layer model to be selected as best describing the adsorption process for these dyes. Use of the grand canonical ensemble showed that a statistical treatment allowed the same double-layer expression to be obtained. This has led to mathematical expressions for the three parameters involved in the analytical expression of the model. These parameters relate to the physicochemical parameters for the adsorption process such as the adsorption energy, the receptor site density, the anchorage number, the chemical potential, etc.
Some interpretations were deduced in order to describe the adsorption process at a molecular level. Thus, n and N M were advanced as steric factors that describe the anchorage of the dye molecule, i.e. whether the molecule was sited parallel or perpendicular to the adsorbent surface. The values of n indicated that dyes AB25 and AY99 exhibited dimeric behaviour on the receptor sites and that the adsorption capacity N asat would be improved if multiple anchorage were avoided. From the expression for c 1/2 , which is directly related to the adsorption energy and the temperature, a reason was obtained as to why the dynamics of the adsorption process are localized. The physical interpretations obtained via the double-layer model provided a good description of the adsorption process. 
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